As generalizations of algebraic and Einstein t-norms and t-conorms, Hamacher t-norm and t-conorm have been widely applied in fuzzy multiple attribute decision making (MADM) to combine assessments on each attribute, which are generally expressed by Atanassov"s intuitionistic fuzzy (AIF) numbers, interval-valued intuitionistic fuzzy (IVIF) numbers, hesitant fuzzy (HF) elements, and dual hesitant fuzzy (DHF) elements. Due to the fact that AIF numbers and HF elements are special cases of IVIF numbers and DHF elements, respectively, two propositions can be established from analyzing numerical examples and real cases concerning MADM with IVIF and DHF assessments in the literature: (1) the monotonicity of alternative scores derived from Hamacher arithmetic and geometric aggregation operators with respect to the parameter r in Hamacher t-norm and t-conorm; and (2) the relationship between alternative scores generated by Hamacher arithmetic and geometric aggregation operators, given the same r. Here, we provide the theoretical proof of these two propositions in the context of MADM with IVIF and DHF assessments.
Introduction
Decision making can be considered a mental process in which human beings make a choice among several alternatives. However, with the increasing complexity of real decision problems, decision makers frequently face the challenge of characterizing their preferences in an uncertain context. This opens an important application field of fuzzy set theory and granular computing techniques: fuzzy decision making [2, 8, 10, 14, 23, 33, 39, 41, 47] . As stated by Pedrycz and Chen [25] , fuzzy decision making including its underlying methodology, the plethora of algorithmic developments, and a rich and diversified slew of application studies form a cornerstone of fuzzy sets. More importantly, it plays a key role in fuzzy decision making to combine multiple pieces of uncertain information represented by the extensions of fuzzy set [46] such as Atanassov"s intuitionistic fuzzy (AIF) set [3] , interval-valued intuitionistic fuzzy (IVIF) set [4] , hesitant fuzzy (HF) set [32] , and dual hesitant fuzzy (DHF) set [49] . To address such combination, various aggregation functions or operators have been designed and applied in multiple attribute decision making (MADM) [5, 7, 13, 16, 19, 20, 22, 30, 34, 35, 37, 38, 43, 48] .
Firstly, many efforts have been made concerning the combination of AIF or IVIF assessments. Beliakov et al. [5] developed the median aggregation operators for AIF sets and interval-valued fuzzy sets. Garg [13] constructed a number of generalized intuitionistic fuzzy interactive geometric interaction operators using Einstein t-norm and t-conorm. Xia et al. [38] designed intuitionistic fuzzy weighted averaging and geometric operators based on Archimedean t-norm and t-conorm [11] . Liao and Xu [21] proposed a family of intuitionistic fuzzy hybrid weighted aggregation operators in which the properties of idempotency and boundedness are satisfied. As an important style of the Archimedean t-norm and t-conorm, Hamacher t-norm and t-conorm [15] were used to construct a number of intuitionistic fuzzy Hamacher aggregation operators based on the unordered and ordered weighted averaging operators (OWA) [16] . Chen et al. [9] presented the IVIF aggregation operators for group decision making. Many Hamacher aggregation operators of IVIF information were also developed using the ordered weighted geometric operator [22, 39] .
Secondly, the combination of HF or DHF assessments has also been investigated widely in the literature. Xia and Xu [37] proposed many aggregation operators for HF information based on weighted averaging and geometric operators. Liao and Xu [20] constructed a series of new HF hybrid arithmetic aggregation operators satisfying idempotency and keeping the advantages of HF hybrid averaging and geometric operators developed by Xia and Xu [37] . In particular, Hamacher t-norm and t-conorm were used to develop a family of HF aggregation operators [30, 48] . With regard to the aggregation for DHF information, several aggregation operators and ACCEPTED MANUSCRIPT A C C E P T E D M A N U S C R I P T 3 power aggregation operators were constructed based on Archimedean t-norm and t-conorm [34, 35] . Ju et al. [19] used Hamacher t-norm and t-conorm to develop some aggregation operators for DHF information.
It is worth mentioning that Hamacher t-norm and t-conorm can reduce to algebraic and Einstein t-norms and t-conorms when the parameter r in Hamacher t-norm and t-conorm is set as 1 and 2, respectively [38] . For this reason, the aggregation operators based on algebraic and Einstein t-norms and t-conorms of the above four kinds of fuzzy assessments are not reviewed individually. This also indicates why fuzzy
Hamacher aggregation operators are addressed in this paper.
Existing studies concerning fuzzy Hamacher aggregation operators [16, 19, 22, 30, 38, 39, 48] reveal that they are generally divided into arithmetic and geometric aggregation operators. It can be found from numerical examples or real cases in existing studies that there are two important rules which govern the two types of aggregation operators in the context of fuzzy MADM: (1) the scores of the decision alternatives under consideration decrease and increase with the increase of the parameter r in the Hamacher t-norm and t-conorm when the arithmetic and geometric aggregation operators are applied, respectively; and (2) the scores of the decision alternatives generated by the arithmetic aggregation operator are always larger than those generated by the geometric aggregation operator, regardless of what the parameter r is equal to. To the best of our knowledge, existing studies have only shown the results of calculations in numerical examples or case studies which indicate these two rules, but have not provided a theoretical analysis of such results. Although a small number of researchers (e.g., [20, 21] ) have discussed the relationship between arithmetic and geometric averaging operators in the AIF or HF environment, it cannot be directly extended to the situation of the arithmetic and geometric averaging operators developed based on Hamacher t-norm and t-conorm. The above analysis shows that it is necessary to theoretically discuss the relationship between arithmetic and geometric averaging operators developed based on Hamacher t-norm and t-conorm in various fuzzy contexts. This is the first motivation of this paper.
Except the above, previous studies [16, 19, 22, 26, 30, 39, 48] of Hamacher aggregation operators in the context of fuzzy MADM have shown the influence of the parameter r in Hamacher t-norm and t-conorm on decision results by a sensitivity analysis of r only. However, two key points have been omitted in these studies: (1) what is the meaning of the parameter r; and (2) how is this parameter determined in MADM. The meaning of the parameter r in these studies is typically unclear, and its determination is generally arbitrary and subjective [19, 22, 48] , which may negatively influence the rationality of decision results. To guarantee the rationality of decisions made with consideration of the parameter r, the two key points about r in MADM ACCEPTED MANUSCRIPT A C C E P T E D M A N U S C R I P T 4 need to be addressed, which forms the second motivation of this paper. As a whole, it
is necessary and important to analyze the two above-mentioned rules of Hamacher arithmetic and geometric averaging operators in various fuzzy contexts from a theoretical point of view, and to address the two key points concerning the parameter r in MADM.
In this paper, following the above motivations, we first present two propositions to cover the two rules, and then prove them theoretically when handling MADM problems with IVIF or DHF assessments. The situations of MADM with AIF or HF assessments are covered because IVIF and DHF assessments can reduce to AIF and HF assessments, respectively. Based on the two propositions, we associate the meaning of the parameter r in Hamacher t-norm and t-conorm with the risk attitude of a decision maker and give relevant explanations. Specifically, to avoid the negative influence of arbitrary or subjective r values on decision results in MADM, a new method to compare alternatives is proposed by using the mean scores of alternatives with consideration of all possible values of r.
In short, the main contributions of this paper include the following: (1) the construction of two propositions concerning the two types of Hamacher aggregation operators in the context of fuzzy MADM; (2) the theoretical proof of the two propositions in MADM with IVIF and DHF assessments; (3) the analysis of the meaning of the parameter r in Hamacher aggregation operators; and (4) the development of a new method for ranking alternatives in MADM problems with DHF assessments, by following the two propositions.
The rest of this paper is organized as follows. The necessary preliminaries are briefly reviewed in Section 2. Section 3 conducts an analysis of MADM with IVIF and DHF assessments in the literature, before presenting propositions concerning the two rules found. In Section 4, these propositions are proven theoretically in the context of MADM with IVIF and DHF assessments. In Section 5, the meaning of the parameter r in the Hamacher t-norm and t-conorm is explained by the found two rules, and a new method is developed to compare alternatives with complete coverage of all possible r, which is demonstrated by two numerical examples and compared with two existing methods. Finally, Section 6 concludes this paper.
Preliminaries
In this section, we briefly review basic concepts of AIF, IVIF, HF, and DHF sets, and Hamacher t-norm and t-conorm.
AIF and IVIF sets
Atanassov [3] generalized the concept of fuzzy set [46] , and defined the concept of ACCEPTED MANUSCRIPT A C C E P T E D M A N U S C R I P T 5 AIF set as follows.
Definition 1 ([3]
). Let X = {x 1 , x 2 , . . . , x n } be a set, then an AIF set A on X is defined as As an extension of AIF set, IVIF set was developed by Atanassov and Gargov [4] .
Definition 2 ([4,24] ). Let X = {x 1 , x 2 , . . . , x n } be a universe of discourse. Then an IVIF set A on X is given by 
HF and DHF sets
Torra [32] first proposed the concept of HF set, which is defined as follows.
Definition 4 ([32])
. Given a universe of discourse X, an HF set on X is defined as On the basis of HF set and AIF set, DHF set was developed by Zhu et al. [49] .
Definition 5 ([49])
. Given a universe of discourse X, a DHF set on X is defined as 
Hamacher t-norm and t-conorm
T-norm and t-conorm are widely applied in fuzzy context to define the generalized intersection and union operations of fuzzy sets [11] . 
, as stated by Xia et al. [38] .
Given a specific p(x), i.e.,
it is clear that
Under this condition, strict Archimedean t-norm and t-conorm are called Hamacher t-norm T r (x, y) and t-conorm S r (x, y) [15] , which are calculated by 
T r (x, y) and S r (x, y) are also called Hamacher product  and Hamacher sum  [15] . Specifically, T r (x, y) and S r (x, y) reduce to algebraic t-norm and t-conorm when r = 1; while they become Einstein t-norm and t-conorm when r = 2 [6, 13] . Novembers of the four years were generated (see Table IV in [22] for details).
Propositions about Hamacher aggregation operators in MADM
The evaluation results in [22] indicate the following: (1) Table 2 in [19] for details).
The results generated in [19] In the next section, the above two propositions will be theoretically proven in MADM with IVIF and DHF assessments.
Theoretical proof of two propositions
In this section, we prove the two propositions presented in Section 3.3 when
Hamacher arithmetic and geometric aggregation operators are applied in MADM with IVIF and DHF assessments.
Proof of two propositions in MADM with IVIF assessments

Description of MADM problems with IVIF assessments
Suppose that a MADM problem has m alternatives A i (i = 1, ..., m) and n attributes C j (j = 1, ..., n). The relative weights of the n attributes are represented by ω = (ω 1 ,
, where the notation "T" denotes
alternative A i on attribute C j . Then, an IVIF decision matrix for the problem can be profiled by 11 11  12 12  1  1   21 21  22  22  2  2   1  1  2  2 , , ,
where each element represents an IVIF number.
Monotonicity of alternative scores with respect to r in Hamacher arithmetic and geometric aggregation operators for MADM with IVIF assessments
For MADM with IVIF assessments, we address Proposition 1 to identify the monotonicity of alternative scores with respect to the parameter r in Hamacher arithmetic and geometric aggregation operators.
To solve a MADM problem with IVIF assessments, the assessments of alternatives on each attribute are first combined using Hamacher aggregation operators to generate the aggregated assessments of alternatives. The aggregated assessments are used to calculate the scores of alternatives, and then to create a ranking order of alternatives.
In most MADM methods, assessment ij A is only weighted by attribute weight ω j (j = 1, ..., n) in the process of attribute combination, while the ordered position of ij A is usually omitted. Differently, both the attribute weight and the ordered position of ij A are involved in the Hamacher arithmetic and geometric hybrid weighted averaging operators developed by Liu [22] . It is clear that the aggregation of ij A only by ω j in most MADM methods can be seen as a special case of the aggregation in Liu"s method. Without loss of generality, in the following we focus on the two Hamacher aggregation operators created by Liu [22] to verify Proposition 1.
Definition 9 ([22]). Let the IVIF number
T be the relative weights of the n attributes, and w i = (w i1 , …, w in ) T be the OWA operator weights with respect to ij A . Then, the Hamacher arithmetic and geometric hybrid weighted averaging operators are defined below.
a) The aggregated assessment i A = ( i u , i v ) (i = 1, 2, …, m) using the Hamacher arithmetic hybrid weighted averaging operator is defined as 
v ) (i = 1, 2, …, m) using the Hamacher geometric hybrid weighted averaging operator is defined as 
(1 ( 1) ) (1 ) (
where () ij B  stands for the jth largest of
The aggregated assessments of alternatives are then used to calculate the scores of alternatives in terms of Definition 3.
(1) Given the aggregated assessment 
(2) Given the aggregated assessment 
From Eqs. (12) and (13) The definitions of two functions p and q in Eqs. (5) and (6) A generated by using the Hamacher arithmetic and geometric aggregation operators presented in Eqs. (12) and (13), respectively. Then, we have 
In the following we verify Propositions 1 and 2 in MADM with DHF assessments.
Monotonicity of alternative scores with respect to r in Hamacher arithmetic and geometric aggregation operators for MADM with DHF assessments
Similar to the situation in Section 4. Hamacher arithmetic hybrid weighted averaging operator is defined as
(1 ( 1) )
(1 ( 1) ) 
Similar to the situation in Section 4.1.2, based on the aggregated assessments of alternative A i in Definition 10, the corresponding scores denoted by S a ( i A ) and S g ( i A ), can be calculated using Definition 6, as shown below.
(1) Given the aggregated (2) Given the aggregated Eqs. (19) and (20) 
Relationship between alternative scores derived from Hamacher arithmetic and geometric aggregation operators for MADM with DHF assessments
Similarly to Section 4. A generated by using the Hamacher arithmetic and geometric aggregation operators, as presented in Eqs. (19) and (20), respectively. Then, we have 
Meaning of the parameter r in Hamacher aggregation operators
From previous studies [16, 19, 22, 26, 30, 39, 48] , we can conclude that there are two main issues concerning the parameter r in Hamacher aggregation operators when handling MADM problems: (1) the meaning of r is not clear; and (2) the determination of r is arbitrary and subjective.
Regarding the first issue, in existing studies many researchers have associated r with the preference or risk attitude of a decision maker (e.g., [30, 38] ). However, the reason for such an association is not clear. Some studies explain that r can be characterized by the utility of a decision maker (e.g., [16, 22, 39, 48] ). However, no convinced explanation exists which is commonly accepted by researchers for lack of theoretical proof.
Regarding the second issue, numerical examples and real cases in existing studies [19, 22, 48] have found that the precise value of r is usually specified when Hamacher aggregation operators are applied to solve MADM problems. However, such specification of r is generally ill-founded and arbitrary, and mainly depends on the subjectivity of the decision maker. It may become even more difficult when a variety of types of information are involved in determining r.
In this paper, Proposition 1 and its theoretical proof indicate that r can be reasonably associated with the risk attitude, in terms of the optimism and pessimism of a decision maker. To elaborate, a decision maker is risk-seeking when he or she prefers small r, while the decision maker is risk-averse if he or she prefers large r when the Hamacher arithmetic aggregation operator is applied in MADM with IVIF or DHF assessments. The opposite conclusion can be drawn when the Hamacher geometric aggregation operator is applied in MADM with IVIF or DHF assessments.
In the former situation, small r indicates a large alternative score, while it indicates a small alternative score in the latter. Although the meaning of r is clear, determining the precise value of r from the interval (0,+∞) remains a difficult task for the decision maker, especially when the decision maker knows various types of information 
Here, the elongated "
 " represents integral. 
(1 ( 1) ) (1 ( 1) ) (1 ) (1 ( 1) ) 
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(1 ( 1) ) respectively. The DHF decision matrix 44 A  = ({h ij , g ij }) 4×4 of the example is presented in Section B.2 of Appendix B.
When the Hamacher arithmetic hybrid weighted averaging operator in Definition 10 is applied, the aggregated assessment of alternative A i is given by
( ) (
(1 ( 1) ) [19] and Ye [45] is made based on the above two examples in the next section.
Comparative analysis
In the following, the proposed method is compared with two representative methods developed by Ju et al. [19] and Ye [45] to highlight its consistency and validity.
The key ideas of the two existing methods are briefly described as follows. In the method of Ju et al. [19] , the Hamacher arithmetic or geometric aggregation operator is utilized to combine the assessments on each attribute for each alternative. The values of the parameter r in Hamacher aggregation operators are given first by decision makers. After the aggregated assessments of alternatives are obtained, a ranking order of alternatives is generated using Definition 6. In Ye"s method [45] The results generated by the three methods for the second numerical example are presented in Table B On the contrary, the ranking orders generated by the Hamacher arithmetic and geometric aggregation operators in the method of Ju et al. are different. When a method generates inconsistent outcomes, a decision maker may have difficulty in choosing which one to follow. Moreover, the value of r influences decision results, and so to determine the value is another burden on a decision maker. In the proposed method, however, these two problems are handled without any burden on a decision maker. As shown in Table B .4, the ranking order of the four projects generated by Ye"s method is A 3 A 2 A 4 A 1 , in which the rankings of A 1 and A 4 differ from those generated by the proposed method, but the best alternative is still A 3 .
In summary, the proposed method is able to generate more consistent decision In recent decades, many developments have been achieved concerning the combination of multiple pieces of uncertain information in decision making. Despite this, some related scientific problems still require focused research. For example: 1) the selection of the type of aggregation functions [7] ; 2) the studies about the admissible orders in terms of aggregation functions for various fuzzy sets [24] ; and 3) the choice of score functions of different fuzzy assessments, as studied in [12] and [31] . In addition, granular computing [25] is a flexible and feasible tool for decision ACCEPTED MANUSCRIPT A C C E P T E D M A N U S C R I P T 29 makers to address the challenges of characterizing their preferences in an uncertain context. Recently, a number of achievements [2, 23, 28, 29, 36, 42, 44] have been made in this area which contribute to further studies of uncertain decision making. All these areas are worth exploring in future research to solve uncertain MADM problems.
